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Abstract
The elliptic Monge-Ampe`re equation is a fully nonlinear partial differential equation which
has been the focus of increasing attention from the scientific computing community. Fast three
dimensional solvers are needed, for example in medical image registration but are not yet avail-
able. We build fast solvers for smooth solutions in three dimensions using a nonlinear full-
approximation storage multigrid method. Starting from a second-order accurate centered finite
difference approximation, we present a nonlinear Gauss-Seidel iterative method which has a
mechanism for selecting the convex solution of the equation. The iterative method is used as an
effective smoother, combined with the full-approximation storage multigrid method. Numerical
experiments are provided to validate the accuracy of the finite difference scheme and illustrate
the computational efficiency of the proposed multigrid solver.
Keywords: Monge-Ampe`re equation; nonlinear Partial Differential Equations; finite difference
method; Gauss-Seidel iteration; FAS multigrid method.
1 Introduction
The elliptic Monge-Ampe`re equation{
det(D2u(x)) = f(x), x ∈ Ω ⊂ Rd
u is convex
with f > 0, where D2u is the Hessian of the function u, is a fully nonlinear partial differential
equation (PDE) which has been the focus of increasing attention from the scientific computing
community [37, 15]. It is the prototypical fully nonlinear elliptic PDE, with connections to dif-
ferential geometry [39]. As tools for solving the equation have become more effective, the PDE
has appeared in more applications, including the reflector design problem [32], the optimal trans-
portation problem [3], and parameter identification problems in seismic signals [14]. In this paper,
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we focus on building fast solvers for the PDE in the three dimensional case. Our interest in this
case stems from the image registration problem [25, 24, 23, 22], where current imaging resolution
requires more effective solvers than are currently available.
There are two regimes to consider when solving the problem. In the regime where solutions
are smooth, many approaches can lead to numerical methods which converge in practice. These
include finite differences [10, 27, 36], finite elements [6, 7, 17, 29], spectral methods [34], and Fourier
integral formulations [41].
In the second regime, where solutions are singular, standard methods either break down com-
pletely or become extremely slow [2]. In order to compute singular solutions, the theory of viscosity
solutions can be used to build convergent monotone finite difference methods [1]. Monotone schemes
require using wide stencils, which have a directional resolution parameter, in addition to a spatial
discretization parameter. As a result, they are generally less accurate than second order in space.
On the other hand, they are stable in the maximum norm, and can be solved by a (slow) forward
Euler method, with an explicit CFL condition [30]. Refinements of the monotone method result
in faster solvers [19] and higher accuracy [20]. The fast solvers employed were an exact Newton’s
method (with an explicitly computed Jacobian) and a direct linear solver in two dimensions [20].
The initial guess for Newton’s method used one step of an iterative solver from [2], which also re-
quired a single solution of a Poisson equation. Computations were performed in three dimensions,
but the direct linear solvers were too costly for larger sized problems.
A significant challenge in computing solutions of the Monge-Ampe`re equation is the need to
enforce an additional constraint that the solution be convex; without this, the solution is not unique.
In two-dimensions, for example, the Monge-Ampe`re equation will typically have two solutions: one
convex and one concave. The situation becomes more complicated at the discrete level. For a two-
dimensional problem with N discretization points, a finite difference scheme will typically admit
2N different solutions [15]. In three-dimensions, the problem becomes still more complicated. In
two-dimensions, the correct solution can be selected by choosing the solution that has a positive
Laplacian. This is equivalent to selecting the smallest root of a quadratic equation. This structure
was exploited by the Gauss-Seidel and iterative Poisson methods developed in [2]. However, in
three-dimensions, positivity of the Laplacian (sum of the eigenvalues of the Hessian) and the Monge-
Ampe`re operator (product of the eigenvalues) is not enough to guarantee convexity (positivity of
all three eigenvalues). Using monotone schemes, convexity can be enforced by separately computing
the positive and negative parts of various second directional derivatives.
In this paper, we focus on fast solution methods for the three-dimensional Monge-Ampe`re
operator, with a given source function which is positive and continuous in a convex domain Ω ⊂ R3,
det(D2u(x, y, z)) = f(x, y, z) > 0, for (x, y, z) in Ω (1.1)
with a given Dirichlet boundary condition
u = g, on ∂Ω (1.2)
and the additional global constraint
u is convex,
which is necessary for ellipticity and uniqueness. We record the the explicit form of the operator in
three dimensions as follows
det(D2u) = uxxuyyuzz + 2uxyuyzuxz − uxx(uyz)2 − uyy(uxz)2 − uzz(uxy)2.
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We note that the convexity constraint is formally equivalent to the condition that the Hessian of
the solution is positive definite,
D2u > 0.
We assume also that that boundary data g is consistent with the restriction of a convex function
to the boundary. These conditions on the data, along with strict convexity of the domain, are
enough to ensure that solutions are classical (twice continuously differentiable) [9]. For simplicity
of computations, we work with square domains, which allow for the possibility of singular solutions,
however, using known solutions avoids this problem.
Without additional difficulties, the method developed in this paper can also be applied to the
two-dimensional problem
uxxuyy − (uxy)2 = f(x, y) in Ω. (1.3)
The objective of this work is to build fast solvers for the three-dimensional elliptic Monge-
Ampere equation. We focus on the Dirichlet problem in the smooth solution regime, where the
simple narrow stencil finite difference methods can be used. The goal is to build an effective, fast,
scalable solver that can be used in applications. It is not trivial to build a multigrid solver in this
setting–naive implementations of multigrid will fail. For example, the commonly suggested strat-
egy [38] of performing a few Newton iterations to approximately solve the corresponding nonlinear
scalar equations at each grid point would not lead to a convergent FAS multigrid solver for our
problem. This is because such a method has no mechanism for selecting the correct, convex so-
lutions. We introduce such a selection mechanism, which leads to an effective multigrid method.
However, when the equation becomes degenerate (corresponding to non-strictly convex solutions,
which can arise when the right hand side f(x) = 0), the method presented here breaks down. This is
likely related to the loss of uniform ellipticity of the equation, and the loss of strict convexity of the
solution [2]. In this setting, wide-stencil finite difference methods are typically needed to guarantee
convergence to weak solutions [18, 28]. A possible work around is to combine monotone (or filtered)
schemes with a multi grid method. For now, we restrict our attention to smooth solutions, where
the method presented in this paper is effective.
One approach is to use Newton’s method with an iterative solver [31]. For example, the Newton-
Multigrid method arises when a linear multigrid algorithm is used to approximately solve the lin-
earized Jacobian system. A disadvantage of Newton’s method is that it requires a good initial guess,
which should typically be convex [27]. We instead choose to treat the non-linearity directly using
the linear multigrid framework and coarse-grid correction, which leads to the most common nonlin-
ear multigrid method—the full approximation scheme (FAS) [4, 5, 8, 38, 33]. For the FAS multigrid
to be effective as an iterative method, it requires an effective smoother (or relaxation) scheme such
as a nonlinear Gauss-Seidel iteration, which must eliminate the high frequency components of the
approximation errors at the current fine level. Once the FAS V-cycle iteration is established, the full
multigrid (FMG) technique, based on nested iterations, can be exploited to obtain a good initial
guess for the fine-grid problem.
In this work we develop a FMG-FAS multigrid algorithm for the 3D Monge-Ampe`re equation.
The method is based on a nonlinear Gauss-Seidel iteration that includes a mechanism for select-
ing the convex solution. As a noticeable advantage over the above mentioned Newton-Multigrid
method, the FMG-FAS multigrid algorithm usually has better global convergence properties. This
is particularly the case for the Monge-Ampe`re equation since the Newton-Multigrid approach does
not have any way to select the correct, convex solution. The FMG-FAS multigrid typically has
a lower memory requirement as well since there is no need to compute and store the Jacobian
matrices [38].
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There are very few published works devoted to designing fast nonlinear solvers, particularly
for larger problem sizes in three dimensions. The multigrid method was used as a preconditioner
for a Newton-Krylov iteration in [10, 13] in two and three dimensions up to grids of size 1283,
which took approximately five minutes using eight processors. For the applications considered in
that work, solutions of the Monge-Ampe`re equation would typically be close to u = |x|2/2, which
led naturally to a good initialization of Newton’s method. In this paper, we approach the problem
using the nonlinear full approximation scheme (FAS) multigrid method, which will not require an
accurate initialization. Although the FAS multigrid methods are popular and widely used in many
disciplines involving nonlinear PDEs, such as variational image registration models [12], the only
references we found on applying FAS multigrid method to the Monge-Ampe`re equation were two-
dimensional simulations in a master’s thesis [35]. Besides, an adaptive FAS multigrid algorithm
based on a continuation method was developed in [11] for solving a 2D balanced vortex model. It
is worthwhile to point out that the reported computational CPU time does not scale linearly with
respect to the degrees of freedom (see e.g. Table 5.1 in [35]), which motivates us to look further
into the efficiency of the FAS multigrid implementations. In addition, we are mainly interested in
solving three dimensional (3D) Monge-Ampe`re equation, which is well-known to be much more
difficult [7].
This paper is organized as follows. In the next section, we present a discretization of the PDE
using second-order centered finite differences and propose a nonlinear Gauss-Seidel iterative method
for solving the discretized system. The method extends the two-dimensional Gauss-Seidel method
of [2]; in our case, we need to solve a cubic rather than a quadratic equation. In Section 3, we
introduce a full multigrid method based on the FAS V-cycle algorithm, where the nonlinear Gauss-
Seidel iterations function as a smoother. In Section 4, numerical results for several two- and three-
dimensional examples are reported, which demonstrate the accuracy, mesh independent conver-
gence, and linear time complexity of our proposed FMG-FAS multigrid solver. Finally, the paper
ends with several concluding remarks in Section 5.
2 A nonlinear Gauss-Seidel iteration in 3D
This section is motivated by the two-dimensional explicit finite difference method in [2] where
second derivatives are discretized using standard centered differences on a uniform Cartesian grid.
There a Gauss-Seidel iteration is constructed by selecting the smaller root of a point-wise defined
quadratic equation over each grid point. The resulting method is formally second order accurate
provided the solution is regular enough. In the following, we will develop a similar Gauss-Seidel
iteration for the three-dimensional case, where we have to handle a cubic equation at each grid
point.
Let N > 0 be a positive integer. We discretize the space domain Ω = [0, 1]3 uniformly into
Ωh = {(xi, yj, zk) | xi = ih, yj = jh, zk = kh; i, j, k = 1, . . . , N}
with a uniform mesh step size h = 1/N . Let ui,j,k be the discrete approximation of u(xi, yj, zk).
Notice that the values of ui,j,k with i ∈ {0, N} or j ∈ {0, N} or k ∈ {0, N} are directly specified by
the Dirichlet boundary conditions. Hence, we only need to set up finite difference approximations
for all the interior grid points. We employ the second-order accurate centered finite difference
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approximations [26] for all the second-order derivatives as follows.
uhxx(xi, yj , zk) =
1
h2
(ui+1,j,k + ui−1,j,k − 2ui,j,k) , (2.1)
uhyy(xi, yj , zk) =
1
h2
(ui,j+1,k + ui,j−1,k − 2ui,j,k) , (2.2)
uhzz(xi, yj , zk) =
1
h2
(ui,j,k+1 + ui,j,k−1 − 2ui,j,k) , (2.3)
uhxy(xi, yj , zk) =
1
4h2
(ui+1,j+1,k + ui−1,j−1,k − ui−1,j+1,k − ui+1,j−1,k) , (2.4)
uhxz(xi, yj , zk) =
1
4h2
(ui+1,j,k+1 + ui−1,j,k−1 − ui−1,j,k+1 − ui+1,j,k−1) , (2.5)
uhyz(xi, yj , zk) =
1
4h2
(ui,j+1,k+1 + ui,j−1,k−1 − ui,j+1,k−1 − ui,j−1,k+1) . (2.6)
Using these approximations, we can construct the discrete Hessian
D2uh =

 uhxx uhxy uhxzuhxy uhyy uhyz
uhxz u
h
yz u
h
zz

 .
Then the discrete form of the elliptic Monge-Ampe`re equation in the interior of the domain reads{
det(D2uhi,j,k) = fi,j,k
D2uhi,j,k > 0.
(2.7)
Inserting the approximations into equation (2.7) at each interior grid point (xi, yj, zk) leads to a
cubic polynomial P3(ui,j,k;u) with respect to ui,j,k
P3(ui,j,k;u) :=− 8u3i,j,k + 4(a+ b+ c)u2i,j,k + 2(r2 + s2 + t2 − ab− ac− bc)ui,j,k
+ (abc− at2 − bs2 − cr2 + 2rst− h6fi,j,k) = 0, (2.8)
where we use the notation
a = (ui+1,j,k + ui−1,j,k),
b = (ui,j+1,k + ui,j−1,k),
c = (ui,j,k+1 + ui,j,k−1),
r =
1
4
(ui+1,j+1,k + ui−1,j−1,k − ui−1,j+1,k − ui+1,j−1,k) ,
s =
1
4
(ui+1,j,k+1 + ui−1,j,k−1 − ui−1,j,k+1 − ui+1,j,k−1) ,
t =
1
4
(ui,j+1,k+1 + ui,j−1,k−1 − ui,j+1,k−1 − ui,j−1,k+1) ,
and fi,j,k = f(xi, yj, zk).
The above finite difference approximations (2.8) are intentionally formulated as a cubic equation
of ui,j,k at the current node (xi, yj, zk) by assuming its neighboring nodes are fixed. The nonlin-
ear Gauss-Seidel iteration follows from iteratively solving the cubic equation sequentially over all
grid points in a lexicographic order. The so-called red-black ordering with better smoothing and
parallel properties is usually recommended for 2D problems, but it is of limited advantage [40] to
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our 3D scheme involving a total of 19 points. In this case, four or more colors are necessary to
fully parallelize the updating order [21], which is not further pursued in the current paper. The
Dirichlet boundary conditions (1.2) are enforced at the boundary grid points during the iteration.
However, we also need to determine which root of the cubic is to be selected in order to ensure local
convexity of the discrete solutions. In the 2D case, the corresponding approach leads to a quadratic
equation [2], and selection of the smallest root yields the convex solution. This rule is not directly
applicable for the cubic equation arising in 3D, which may have either one or three real roots. As
we are only interested in real-valued solutions, we simply select the smallest of all the real roots;
that is
un+1i,j,k = min
{
real roots of P3(· ;un)
}
. (2.9)
These roots can either be computed exactly or approximately using a root-finding algorithm.
Fixed points of this scheme are equivalent to solutions of the Monge-Ampe`re equation (2.7),
which is justified in Theorems 2.1-2.2. In particular, we emphasize that the fixed point of this scheme
is guaranteed to be discretely convex. This provides a clear advantage over Newton’s method,
which must be coupled to a sufficiently accurate initial guess in order to prevent convergence to an
incorrect, non-convex solution.
Theorem 2.1. Let u be a solution of the discrete Monge-Ampe`re equation (2.7). Then u is a fixed
point of (2.9).
Proof. Consider a fixed location (xi, yj , zk) in the grid. Since ui,j,k satisfies the discrete Monge-
Ampe`re equation, it automatically satisfies the cubic equation P3(ui,j,k;u) = 0 as well. It remains
to show that ui,j,k is the smallest real root of this cubic.
One possibility is that the cubic equation has only a single real root, in which case this must
coincide with the real-valued ui,j,k.
The other option is that the cubic equation has three real roots, v1 ≤ v2 ≤ v3. We remark that
using the notation defined above, the discrete Hessian corresponding to each of these roots can be
written as
D2(uh; vm) =


ah−2vm
h2 u
h
xy u
h
xz
uhxy
bh−2vm
h2 u
h
yz
uhxz u
h
yz
ch−2vm
h2

 , m = 1, 2, 3 (2.10)
where the off-diagonal elements do not depend on the value of vm. This is a symmetric real-valued
matrix, and therefore has real eigenvalues.
Now suppose that λ is any eigenvalue of D2(uh; v1) with eigenvector x. Then we can compute
D2(uh; vm)x =
(
D2(uh; v1) +
2(v1 − vm)
h2
I
)
x =
(
λ+
2(v1 − vm)
h2
)
x.
Thus
λ+
2(v1 − vm)
h2
≤ λ
is an eigenvalue of D2(uh; vm), with equality only if v1 = vm. In particular, the eigenvalues of the
discrete Hessian are decreasing functions of the root v.
Since by assumption, the discrete Monge-Ampe`re equation has a root that yields a positive-
definite Hessian, at least one of the roots v1, v2, v3 will yield three positive eigenvalues. As the
eigenvalues are decreasing in v, the smallest root v1 must yield three positive eigenvalues.
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Suppose now that another root vm > v1 also produces positive eigenvalues. Since both v1, vm
satisfy the discrete Monge-Ampe`re equation at (xi, yj, zk), we have
fi,j,k = λ1(D
2(uh; vm))λ2(D
2(uh; vm))λ3(D
2(uh; vm))
< λ1(D
2(uh; v1))λ2(D
2(uh; v1))λ3(D
2(uh; v1))
= fi,j,k.
This is a contradiction, which means that the smallest real root v1 is the only root that yields three
positive eigenvalues.
We conclude that the smallest real root of the cubic is the root that corresponds to the convex
solution of the discrete Monge-Ampe`re equation (2.7).
Theorem 2.2. Let u be a fixed point of (2.9). Then u is a solution of the discrete Monge-Ampe`re
equation (2.7).
Proof. Consider any fixed grid point (xi, yj, zk). By the definition of the polynomial P3(·;uh), the
fixed point ui,j,k satisfies det(D
2uhi,j,k) = fi,j,k. It remains to show that the discrete Hessian D
2uhi,j,k
is positive definite.
Consider the symmetric real-valued matrix
M =


ah
h2 u
h
xy u
h
xz
uhxy
bh
h2
uhyz
uhxz u
h
yz
ch
h2

 , (2.11)
which has three real eigenvalues λ1 ≤ λ2 ≤ λ3.
We also define
D2(uh; v) =M − 2v
h2
I, (2.12)
which has eigenvalues λm − 2vh2 , m = 1, 2, 3. We note that zeros of the polynomial P3(v;uh) are
equivalent to roots of
Q(v) ≡ det(D2(uh; v)) − fi,j,k =
(
λ1 − 2v
h2
)(
λ2 − 2v
h2
)(
λ3 − 2v
h2
)
− fi,j,k = 0.
We record the fact that
Q
(
h2
2
λ1
)
= −fi,j,k < 0, Q
(
h2
2
(
λ1 − f1/3i,j,k
))
≥ 0.
By the Intermediate Value Theorem, there exists some real root v∗ ∈
[
h2
2
(
λ1 − f1/3i,j,k
)
, h
2
2
λ1
)
. By
definition, ui,j,k is the smallest real root and thus
ui,j,k ≤ v∗ < h
2
2
λ1.
Then the eigenvalues of the discrete Hessian D2(uh;ui,j,k) are given by
λm − 2ui,j,k
h2
> λm − λ1 ≥ 0, m = 1, 2, 3
and the discrete Hessian is positive definite.
We conclude that all fixed points correspond to solutions of the discrete Monge-Ampe`re equa-
tion.
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3 FAS multigrid method
The drawback of directly using the nonlinear Gauss-Seidel iteration is that the number of iterations
required for convergence increases with the number of discretization points, so the total solution
time grows super-linearly with the number of variables. However, the nonlinear Gauss-Seidel iter-
ation can be used as an effective smoother, which makes it particularly effective when combined
with the nonlinear multigrid method that follows.
In this section, we introduce the standard nonlinear FAS multigrid method for solving our dis-
cretized nonlinear problem. As a highly efficient iterative algorithm, the FAS multigrid method is
a nonlinear generalization of the linear multigrid algorithm, which typically has optimal computa-
tional complexity for linear elliptic PDEs. The FAS multigrid method provides a powerful approach
for handling nonlinear equations without the need for the global linearization required by Newton’s
method. Unlike with Newton’s method, there is typically no need to initialize the solver with a
very good initial guess. Below, we briefly describe the FAS multigrid algorithm as well as its FMG
version based on the standard textbooks [5, 8, 38, 33].
For a general nonlinear system that is discretized using the fine mesh-size h
Sh(wh) = bh,
one V-cycle FAS multigrid iteration is recursively defined in Algorithm 1 [8, 38, 33].
Algorithm 1 FAS multigrid V-cycle iteration (with H = 2h)
Steps wh := FAS(h, Sh, w
0
h, bh)
– IF (h == h0)
(1) Approximately solve: Sh0(wh0) = bh0
– ELSE
(2) Pre-smooth ν1 times: wh := smooth
ν1(Sh, w
0
h, bh)
(3) Restriction residual: rH := I
H
h (bh − Sh(wh))
(4) Initialize coarse guess: uH := I
H
h wh, wH := I˜
H
h wh
(5) Define coarse r.h.s.: bH := SH(wH) + rH
(6) Recursion: uH := FAS(H,SH , uH , bH)
(7) Prolongation: δh := I
h
H(uH −wH)
(8) Correction: wh := wh + δh
(9) Post-smooth ν2 times: wh := smooth
ν2(Sh, wh, bh)
– ENDIF
(10) RETURN wh.
In a single FAS V-cycle iteration, the fine-grid solution first undergoes a small number of
smoothing iterations. Following this, the solution and residual are restricted to a coarser grid
(H = 2h) using two (possibly different) restriction operators(IHh , I˜
H
h ). A new V-cycle iteration
is then performed on this coarser level, with this procedure proceeding recursively until the grid
reaches the coarsest level h0 ≫ h. At the coarsest level, the underlying problem size has become so
small that it can be (approximately) solved using a very small number of Gauss-Seidel iterations.
Computing the solution on the coarser level H leads to a coarse approximation of the solution.
A prolongation operator (IhH) transfers this approximation to the fine grid, which provides a coarse
grid correction in the fine grid solution. The fine grid solution is further corrected using a small
number of smoothing iterations.
As suggested in [38], the approximation restriction operator I˜Hh is chosen as straight injec-
tion. Depending on the application, there are many possible choices for IHh and I
h
H . For a better
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computational efficiency, we choose to use the residual restriction operator IHh from half-weighting
averaging [38] with the following stencil form
IHh =
1
12



 0 0 00 1 0
0 0 0


H
h

 0 1 01 6 1
0 1 0


H
h

 0 0 00 1 0
0 0 0


H
h


and the prolongation operator IhH from trilinear interpolation [38] with a corresponding stencil form
IhH =
1
64



 1 2 12 4 2
1 2 1


h
H

 2 4 24 8 4
2 4 2


h
H

 1 2 12 4 2
1 2 1


h
H


Other types of IHh and I
h
H are also available when better accuracy is required.
We also note that a straightforward definition of the coarse grid operator SH is possible by
simply using the discretized equations with a coarser step size H. This is the most common choice
for a fully structured mesh. We point out that the so-called Galerkin coarse grid operator, which
constitutes a core component of the popular linear algebraic multigrid, is not easily used with the
nonlinear FAS multigrid framework [38].
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Figure 1: The smoothing effect of our nonlinear Gauss-Seidel iterations with Example 1. Left: the
initial oscillating error is chosen to be sin(pix) sin(piy) sin(piz) + 0.5 sin(15pix) sin(15piy) sin(15piz)
with a maximum norm 1.4712. Right: after 2 Gauss-Seidel iterations, the approximation error
becomes smooth with a maximum norm 0.7538. Both error surface plots are only snapshots at
z = 1/2 for better visualization.
The last but most crucial component of the method is an effective smoother smooth, whose
major function is to eliminate the high-frequency components of the approximation errors. As a
standalone solver, the chosen smoothing iteration may converge very slowly as the mesh refines.
This is the case for the nonlinear Gauss-Seidel iteration developed in the previous section. However,
because it damps the high frequency components of the error, it will serve as an effective smoother
smooth in Algorithm 1. Such a smoothing property is numerically illustrated in Figure 1, which
shows that two iterations seem to be sufficient to dramatically smooth out high-frequency errors.
This is unsurprising given that the classical linear Gauss-Seidel iteration has been widely recognized
as a benchmark smoother in the linear multigrid method. In practice, one or two pre- and post-
smoothing iterations typically give the best overall performance. More pre- and post-smoothing
9
iterations could be helpful when the smoothing effect of the smoother is weak or degraded by the
possible singular solutions.
The efficiency of the above FAS multigrid iterative solver can be further improved when its
initial guess is derived from the idea of nested iteration, which leads to the most efficient full
multigrid (FMG) algorithm [8, 38, 33]. The FMG algorithm based on above the FAS V-cycle
multigrid iteration is recursively defined in Algorithm 2.
Algorithm 2 FMG-FAS algorithm (with H = 2h)
Steps wh := FMG(h, Sh, bh)
– IF (h == h0)
(1) Approximately solve: Sh0(wh0) = bh0
– ELSE
(2) Restriction: bH := I˜
H
h bh
(3) Recursion: wH := FMG(H,SH , bH)
(4) Cubic interpolation: wh := Iˆ
h
HwH
(5) FAS V-cycle iteration: wh := FAS(h, Sh, wh, bh)
– ENDIF
(6) RETURN wh.
In Algorithm 2, no initial guess is required at the finest level h, but we do need an initial guess at
the coarsest level h0 if we are going to solve the coarsest nonlinear system Sh0(wh0) = bh0 using our
Gauss-Seidel iteration. Fortunately, the coarsest nonlinear system has a very small dimension with
effectively one unknown on a 3×3×3 grid, the remaining values being determined by the Dirichlet
boundary conditions. Thus it is easy to obtain a good approximate solution no matter what initial
guess is used. In our implementation, we simply take the initial guess at the coarsest level h0 to be
identically zero. Often, a cubic interpolation IˆhH will be used in the above FMG algorithm so that
one full FMG iteration can deliver an approximation with the desired discretization accuracy. This
is useful if the underlying FAS V-cycle multigrid iteration converges satisfactorily, as is the case
for Poisson equation solvers [38]. Due to the strong nonlinearity of our problem, we do not expect
one FMG sweep to be sufficient. However, it does provide a very good initial guess for the FAS
V-cycle multigrid iterations. In both algorithms, the coarse level problem is solved approximately
by performing just one nonlinear Gauss-Seidel iteration.
4 Numerical examples
In this section, we test our FAS multigrid algorithm using several examples available in the liter-
ature. All simulations are implemented using MATLAB on a laptop PC with Intel Core i3-3120M
CPU@2.50GHz and 12GB RAM. The CPU time (in seconds) is estimated by MATLAB’s built-in
timing functions tic/toc. We apply one FMG iteration as an initialization step. Due to the nonlin-
earity, this initialization step is necessary for ensuring mesh-independent convergence of the FAS
algorithm. For each FAS V-cycle, we perform only two pre-smoothing and two post-smoothing
Gauss-Seidel iterations, The coarsest level (h0 = 1/2) problem is approximately solved using only
one Gauss-Seidel iteration. Numerical simulations indicate that the FMG-FAS algorithm has almost
the same efficiency using more accurate solvers at the coarsest level.
At the l-th iteration, let ulh denote the computed approximation of solution and r
l
h be the
corresponding residual vector. We use the pre-specified reduction in the relative residuals as the
stopping criterion
‖rlh‖2
‖r0h‖2
≤ 10−6,
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where ‖·‖2 denotes the discrete L2 norm. Our numerical simulations show that the chosen tolerance
10−6 is sufficient to achieve the level of discretization error. Let uh denote the computed solution
approximated at the last iteration. We first compute the infinity norm of the approximation error
Error(h) = ‖uh − u‖∞
and then estimate the experimental order of accuracy by computing the logarithmic ratios of the
approximation errors between two successive refined meshes, i.e.,
Order = log2
(
Error(2h)
Error(h)
)
,
which should be close to two provided that the scheme delivers a second-order accuracy.
In most cases, only one FMG iteration is needed for convergence. In special cases, we may need
a few extra multigrid V-cycle iterations to fulfill the above convergence criterion. In 3D problems,
using two pre- and post-smoothing steps, the computational cost of one FAS V-cycle is about 32/7
the cost of a single Gauss-Seidel iteration on the finest mesh. One FMG-FAS iteration costs roughly
5 times the cost of a single Gauss-Seidel iteration on the finest mesh if we ignore the additional
cost of restriction and interpolation.
When we use the nonlinear Gauss-Seidel iterations as a standalone solver, it is challenging
to pick a good initial guess such that the iteration converges quickly. For the purpose of simple
comparison, we always choose the slightly perturbed solution 1.01u as the initial guess for the
nonlinear Gauss-Seidel solver, where u is the analytic solution. Even using this impractical initial
guess, the Gauss-Seidel solver cannot compete with the efficiency of the FMG-FAS method. The
3D numerical comparison between the standalone Gauss-Seidel solver and the FMG-FAS method
is given in subsection 4.2.
4.1 Two dimensional examples
We begin by applying the corresponding 2D version of our FMG-FAS method using the nonlinear
Gauss-Seidel iteration developed in [2] as the smoother. The scheme involves a 9-point stencil, and
we test the Gauss-Seidel smoother using the red-black ordering and the plain lexicographic ordering,
respectively. The FMG-FAS multigrid method delivers a far better computational efficiency then
the results of [2], which used the Gauss-Seidel iteration as a standalone solver. In particular, the
computation time scales almost linearly with respect to the degrees of freedom, which is verified
by a consistent fourfold increase in the CPU time (in seconds) as the step-size h is halved.
Example 1. Let Ω = (0, 1)2. Choose
f(x, y) = (1 + x2 + y2) exp(x2 + y2)
such that an analytic solution is
u(x, y) = exp(
x2 + y2
2
).
Example 2. Let Ω = (0, 1)2. Choose
f(x, y) =
1√
x2 + y2
such that an exact solution is
u(x, y) =
2
√
2
3
(x2 + y2)3/4.
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Example 3. Let Ω = (0, 1)2. Choose
f(x, y) =
2
(2− x2 − y2)2
such that an exact solution is
u(x, y) = −
√
2− x2 − y2.
Table 1: Results for Example 1, 2, and 3 with the FMG-FAS algorithm (red-black ordering).
Example 1 Example 2 Example 3
N Error Order Iter CPU (s) Error Order Iter CPU (s) Error Order Iter CPU (s)
128 4.5e-06 – 1 0.1 3.8e-05 – 1 0.1 8.9e-03 – 2 0.1
256 1.1e-06 2.0 1 0.1 1.3e-05 1.5 1 0.1 6.4e-03 0.5 2 0.2
512 2.8e-07 2.0 1 0.3 4.7e-06 1.5 1 0.3 4.5e-03 0.5 1 0.3
1024 7.0e-08 2.0 1 1.0 1.7e-06 1.5 1 1.1 3.2e-03 0.5 1 1.1
2048 1.7e-08 2.0 1 3.6 5.9e-07 1.5 1 4.0 2.3e-03 0.5 1 3.8
4096 4.3e-09 2.0 1 16.2 2.1e-07 1.5 1 16.5 1.6e-03 0.5 1 18.0
8192 1.0e-09 2.1 1 67.1 7.4e-08 1.5 1 69.1 1.1e-03 0.5 1 70.3
Table 2: Results for Example 1, 2, and 3 with the FMG-FAS algorithm (lexicographic ordering).
Example 1 Example 2 Example 3
N Error Order Iter CPU (s) Error Order Iter CPU (s) Error Order Iter CPU (s)
128 5.1e-06 – 1 0.1 4.3e-05 – 1 0.1 8.9e-03 – 3 0.1
256 1.3e-06 2.0 1 0.2 1.5e-05 1.5 1 0.3 6.3e-03 0.5 2 0.2
512 3.3e-07 2.0 1 0.8 5.4e-06 1.5 1 0.9 4.4e-03 0.5 1 0.8
1024 8.2e-08 2.0 1 3.2 1.9e-06 1.5 1 3.27 3.2e-03 0.5 1 3.1
2048 2.1e-08 2.0 1 12.7 6.8e-07 1.5 1 12.9 2.2e-03 0.5 1 12.6
4096 5.1e-09 2.0 1 53.2 2.4e-07 1.5 1 54.6 1.6e-03 0.5 1 53.5
8192 1.3e-09 2.0 1 245.6 8.5e-08 1.5 1 259.4 1.1e-03 0.5 1 250.7
For simplicity, we combine the results of Examples 1, 2, and 3 in Tables 1 and 2. The CPU times
manifest the desired linear time complexity of our FMG-FAS algorithm. The non-smoothness of the
solution in Examples 2 and 3 degrade the second-order accuracy of the approximations to O(h3/2)
and O(h1/2), respectively. Our algorithm seems to be able to effectively and efficiently handle
this type of mildly singular solution. It also shows that the red-black ordering has slightly better
approximation accuracy as well as superior computational efficiency due to the faster vectorization
in MATLAB implementation.
Although we notice in our numerical experiments that only one iteration is sufficient to ob-
tain the same approximation errors in infinity norm, for singular solutions (not even in H2(Ω)),
additional FAS V-cycle iterations may be needed (e.g. in Example 3) to fulfill the given stopping
criterion based on residual norm reduction in discrete L2 norm. Nevertheless, in all non-degenerate
(f > 0) examples we considered, we recovered linear computational complexity as the mesh was
refined. In the fully degenerate setting (f = 0), the ellipticity of the PDE breaks down, and the
multigrid approach may become less effective in accelerating the convergence of the Gauss-Seidel
iteration. In that case, the deterioration of our algorithm is associated with the possible failure
of the corresponding finite difference approximations, which are not provably convergent, and can
break down in the singular case.
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4.2 Three dimensional examples
Next we turn our attention to numerically solving the three-dimensional Monge-Ampe`re equation
using the Gauss-Seidel iteration and the FMG-FAS method developed in this paper.
Example 4 [18]. Let Ω = (0, 1)3. Choose
f = (1 + x2 + y2 + z2) exp
(
3(x2 + y2 + z2)
2
)
such that the exact solution is
u = exp(
x2 + y2 + z2
2
).
In Table 3 we report the relative residual norms, infinity norm of errors, iteration numbers, and
CPU times of the FMG-FAS algorithm and the Gauss-Seidel solver, respectively. The ‘Error’ col-
umn and ‘Order’ column show that the central finite difference discretization indeed achieves the
expected second-order accuracy in the maximum norm. The ‘Iter’ column implies that our FMG-
FAS algorithm possesses a mesh-independent convergence. More specifically, here ‘Iter’=1 implies
that only one FMG iteration is sufficient to fulfill our stopping criteria; no futher V-cycles are nec-
essary. The achieved relative residual norms (column ’RelRes’) turns out to be much lower, thanks
to the fast convergence of the FMG algorithm. We can do a simple calculation to see that one FMG
iteration indeed costs about 5 Gauss-Seidel iterations. Consider the mesh size N = 32, one Gauss-
Seidel iteration takes about 324.6/867 ≈ 0.4 second and hence one FMG iteration should require
approximately 5 × 0.4 = 2.0 seconds, which is almost exactly what we achieved in our algorithm.
The ‘CPU’ column indicates that our FMG-FAS algorithm has a roughly linear time complexity
since the CPU time increases by eight times as the mesh size h = 1/N is halved.
On the other hand, the nonlinear Gauss-Seidel iterations as a standalone solver requires an
increasing number of iterations as the mesh size decreases, which is expected. Even starting with
an artificial initial guess that is impractically close the desired true solution, the nonlinear Gauss-
Seidel iteration still does not produce sufficiently accurate approximations using the same stopping
criterion (compare the row with N = 32). It is also interesting to notice that the relative residuals
(column ‘RelRes’) of the Gauss-Seidel solver are much larger than that of the FMG-FAS algorithm.
For comparison, Table 4 also lists the results reported in [19] and [7], where a wide-stencil hybrid
finite difference (FD) solver and two finite element (FE) approximations were used for the same test
problem. We mention that the results in [7] made use of a Newton solver, which required a good
initial guess that was obtained by the vanishing moment method [16]. Though we can not fairly
compare the CPU times directly as they were computed on different machines, it is clear that the
FMG-FAS method is the only one that scales linearly with the number of degrees of freedom. The
accuracy of the FMG-FAS approach is also competitive. As a whole, our FMG-FAS method appears
superior than both the wide-stencil finite difference solvers and the finite element approximations
for this type of simple problem with a sufficiently smooth solution.
We also mention that when N = 128, the second order accuracy is no longer observed. This is
due to the limitations of machine precision and round-off errors during the computation. We note
that the discretized Monge-Ampe`re operator involves division by h6 ≈ 2×10−13 when N = 128. We
could get around this using higher precision arithmetic. However, the global error is now 6× 10−6,
which is small. The key is that we are able to resolve the data, which necessitates solving on large
grids, and the resulting accuracy is sufficient for the applications we have in mind.
Example 5. Let Ω = (0, pi)3. Choose
f = (sin(x) + 1)(sin(y) + 1)(sin(z) + 1)
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Table 3: Results for Example 4 with the FMG-FAS algorithm and the Gauss-Seidel solver.
FMG-FAS Gauss-Seidel
N DOFs RelRes Error Order Iter CPU (s) RelRes Error Order Iter CPU (s)
8 216 3.1e-07 1.2e-03 – 1 0.1 9.3e-07 1.2e-03 – 72 0.4
16 2744 9.5e-09 2.7e-04 2.1 1 0.2 9.9e-07 3.0e-04 2.0 270 11.5
32 27000 2.1e-10 5.7e-05 2.3 1 2.0 1.0e-06 8.1e-05 1.9 867 324.6
64 238328 4.1e-12 1.4e-05 2.0 1 16.9
128 2000376 5.2e-13 6.2e-06 1.2 1 136.9
Table 4: Reported results for Example 4 from [19] and [7].
Wide-stencil FD [19] FE (quadratic) [7] FE (cubic) [7]
N DOFs Error CPU (s) h DOFs Error CPU (s) DOFs Error CPU (s)
8 343 1.51e-02 0.04 1/4 1581 9.12e-03 3.89 4952 4.14e-04 28.78
12 1331 1.40e-02 0.10 1/8 12611 2.29e-03 38.55 40985 5.71e-05 140.52
16 3375 1.29e-02 0.71 1/12 42798 4.49e-04 140.89 140861 7.52e-06 874.57
22 9261 1.21e-02 6.72 1/16 99436 2.73e-04 355.78 329244 6.36e-06 2758.98
32 29791 1.11e-02 86.63 1/20 195110 1.21e-04 803.47
such that an exact solution is
u = − sin(x)− sin(y)− sin(z) + (x2 + y2 + z2)/2.
In Table 5 we report the relative residual norms, infinity norm of errors, iteration numbers, and CPU
times of the FMG-FAS algorithm and the Gauss-Seidel solver, respectively. Again, we observed the
similar excellent performance of our FMG-FAS algorithm against with the nonlinear Gauss-Seidel
solver.
Table 5: Results for Example 5 with the FMG-FAS algorithm and the Gauss-Seidel solver.
FMG-FAS Gauss-Seidel
N RelRes Error Order Iter CPU (s) RelRes Error Order Iter CPU (s)
8 6.8e-08 1.7e-02 – 2 0.1 9.2e-07 1.7e-02 – 82 0.4
16 2.1e-08 3.3e-03 2.4 1 0.2 9.8e-07 4.3e-03 2.0 296 12.9
32 2.7e-10 8.1e-04 2.0 1 2.0 1.0e-06 1.1e-03 2.0 954 356.2
64 3.7e-12 2.1e-04 2.0 1 16.4
128 4.8e-13 5.2e-05 2.0 1 134.1
Example 6 [7]. Let Ω = (0, 1)3. Choose
f = (1/16)(x2 + y2 + z2)−3/4
such that an analytic solution is
u = (1/3)(x2 + y2 + z2)3/4.
In Table 6 we report the relative residual norms, infinity norm of errors, iteration numbers, and
CPU times of the FMG-FAS algorithm and the Gauss-Seidel solver, respectively. In constrast to
the previous two examples, the solution to this problem is not smooth as there is a singularity at
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the origin. Nevertheless, our central finite difference scheme still approximates the solutions with
a reasonable O(h3/2) accuracy in the infinity norm. Similarly, our FMG-FAS algorithm greatly
outperforms the nonlinear Gauss-Seidel solver.
Table 6: Results for Example 6 with the FMG-FAS algorithm and the Gauss-Seidel solver.
FMG-FAS Gauss-Seidel
N RelRes Error Order Iter CPU (s) RelRes Error Order Iter CPU (s)
8 2.7e-07 5.3e-04 – 1 0.1 9.7e-07 4.0e-04 – 86 0.4
16 1.1e-08 2.1e-04 1.4 1 0.2 9.9e-07 1.4e-04 1.5 312 13.2
32 4.8e-10 7.4e-05 1.5 1 2.0 9.9e-07 5.1e-05 1.5 925 345.8
64 2.0e-11 2.6e-05 1.5 1 16.4
128 1.2e-12 9.3e-06 1.5 1 133.9
Example 7 [18]. Let Ω = (0, 1)3. Choose
f(x, y) = 3(3 − x2 − y2 − z2)−5/2
such that an analytic solution is
u = −
√
3− x2 − y2 − z2.
In Table 7 we report the relative residual norms, infinity norm of errors, iteration numbers, and
CPU times of the FMG-FAS algorithm and the Gauss-Seidel solver, respectively. This example is
more challenging due to the unbounded gradient at the boundary. The ‘Error’ column shows our
scheme has a roughly O(h1/2) accuracy in the infinity norm, which is consistent with the error in
standard discretizations for the two-dimensional version of this example [2]. Obviously, our FMG-
FAS algorithm requires significantly less CPU time than the Gauss-Seidel solver. We note that the
slightly better accuracy achieved by the Gauss-Seidel solver is due to the unrealistic initial guess
used.
Table 7: Results for Example 7 with the FMG-FAS algorithm and the Gauss-Seidel solver.
FMG-FAS Gauss-Seidel
N RelRes Error Order Iter CPU (s) RelRes Error Order Iter CPU (s)
8 1.7e-07 1.4e-03 – 1 0.1 8.9e-07 1.4e-03 – 75 0.4
16 2.1e-08 1.4e-03 0.0 1 0.2 9.7e-07 1.4e-03 0.0 266 12.2
32 2.7e-08 4.3e-03 -1.7 1 2.0 9.9e-07 1.1e-03 0.3 854 320.2
64 4.9e-09 2.2e-03 1.0 1 16.3
128 1.7e-09 1.6e-03 0.4 1 133.1
5 Conclusions
In this paper, we presented a fast method for solving the three-dimensional elliptic Monge-Ampe`re
equation, focusing on the Dirichlet problem and smooth solutions. We combined a nonlinear Gauss-
Seidel iterative method with a standard centered difference discretization. The Gauss-Seidel iter-
ation was then used as an effective smoother, in combination with a nonlinear full approximation
scheme (FAS) multigrid method. Two and three dimensional numerical examples were computed to
demonstrate the computational efficiency of the proposed multigrid method, and comparison was
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made with other available approaches. In particular, we show that the computational cost of the
method scales approximately linearly. Computations on a recent laptop allowed for grid sizes of
1283 in less than three minutes. More importantly, since the methods scale well, implementation
on more powerful computers will lead to a feasible approach to solving problems with the larger
resolutions that occur in, for example three dimensional image registration
Future work will be to extend these ideas to filtered almost-monotone finite differences schemes
in order to build solvers that apply to the singular solutions that can occur in applications. We
would also like to extend the method to the Optimal Transportation problem with applications to
three dimensional image registration, or to parameter identification.
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